It has been experimentally established in numerous cases that precipitation of monodispersed colloids from homogeneous solutions is a complex process. Specifically, it was found that in many systems nuclei, produced rapidly in a supersaturated solution, grow to nanosize primary particles (singlets), which then coagulate to form much larger final colloids in a process dominated by irreversible capture of these singlets. This 
Introduction
Ever since Faraday Two essential ingredients are necessary to explain formation of uniform colloids by direct precipitation. The first is to establish the identity of the solute species that are involved in the solid phase formation. The second is to explain all stages leading from the initial nucleation to final particles. Early works on the precipitation of monodispersed colloids were based on the concept suggested by LaMer, which essentially assumes a short nucleation burst, followed by diffusional growth of the nuclei to form identical, finely dispersed particles (8, 9) . This mechanism appeared simple and plausible and was generally accepted as operational.
With the increasing availability of monodispersed colloids of spheri-cal and other shapes, it has become evident that the burst-nucleation/diffusional growth mechanism alone cannot explain many experimental observations. The first among these has been the finding that some perfectly spherical particles, directly precipitated from solution, showed Xray characteristics of known minerals, such as ZnS of sphalerite (10) , CdS of greenockite (11) , Fe 2 O 3 of hematite (12) , etc. It was obvious that these particles could not be single crystals and, indeed, it has been confirmed by different techniques that a great majority of monodispersed colloids consist of much smaller crystalline subunits (10-. For instance, smallangle light scattering from CdS particles revealed that they were built of ∼ 50Å uniform globules, while electron microscopy studies substantiated the composite nature of uniform particles such as CeO 2 (13) or SnO 2 (14, 15) . Finally, it has been shown with uniform colloidal copper oxide that the crystallite size in the final particles, determined by X-ray diffraction, was the same as the diameter of the precursor subunits (singlets) (16). The latter finding added credence to an aggregation mechanism, rather than to a dissolution/reprecipitation process.
The substructures have been identified also in particles of shapes different from spherical. For example, it was demonstrated that different morphologies of colloidal hematite (α-Fe 2 O 3 ) (12) were related to the natures of the precursor singlets (18) (19) (20) . All this experimental evidence has led to the conclusion that the mechanism of the formation of uni-form colloids is more complex than originally expected, and that it likely involves more than just a nucleation/diffusional growth process.
Thus, the formation of monodispersed colloids poses two major theoretical challenges. First, the morphology and shape selection of particles formed by interplay of nucleation and aggregation processes must be explained. Second, the size-selection mechanism, i.e., the kinetics of generation of narrow particle size distribution, must be identified. Several theoretical approaches utilizing thermodynamic and dynamical growth mechanisms (4, 5, 18, (21) (22) (23) (24) (25) (26) (27) (28) (29) (30) (31) (32) have been described in the literature. It has been established that models of aggregation of subunits can be developed that yield a peaked and even sharpening with time particle size distribution (21) (22) (23) (24) (25) (26) (27) (28) (29) (30) (31) (32) (33) (34) . However, none of these attempts could fit quantitatively a broad range of experimental findings. In this work the first results of a new approach that explains the size selection are reported.
Specifically, we argue that the growth by aggregation of subunits must be considered coupled to the process of formation of these subunits, via the time-dependence of the latter.
Theories of coagulation of nanosize particles involve modeling of the particle transport towards each other and particle-particle interactions.
The actual attachment event and possible detachment and restructuring processes, which presumably make the density of the final solids close to that of the bulk material, must be then described. There exists extensive recent literature that generally addresses these and related issues in various situations. Let us first mention models of growth at surfaces (35) (36) (37) ) that typically assumed diffusional transport, or convective-diffusional transport, the latter being appropriate for flowing suspensions (38) . The main ingredient of the simplest transport models is that the effects of particle-particle interactions are typically incorporated via average, phenomenological Boltzmann weights. Thus, the resulting deposit morphology, which depends on the precise way of particles fitting in and rearranging within the exiting structure, cannot be considered. Instead, the emphasis has been on the fluctuation properties of the topmost, outer growth layers and their scaling description (35) (36) (37) .
Traditional models of coagulation and nucleation usually assume diffusional transport and consider growth of particles and aggregates either via microscopic nucleation processes (21,39) or by particle-particle, particle-aggregate, and aggregate-aggregate adhesion on encounters (40, 41) .
Models of sparse, percolative aggregates, typically predict the size distribution to peak at small sizes (42) . More compact aggregate growth, such as in classical nucleation or coagulation, usually yields size distribution that grows with time, t, according to t Recently, the simplest rearrangement processes after attachment, following collision, have been considered, mainly by numerical modeling, including rolling to preferential sites and diffusional relaxation (43) (44) (45) (46) (47) (48) .
However, rearrangement effects on the formation of monosize particles have not been explored. The experimentally observed role of aging in size-selection in fine particle synthesis will be addressed in the following sections. This role is not related to the restructuring of the growing particles.
The rest of this article is organized as follows. In Section 2, a kinetic model of secondary particle formation by singlet-capture dominated growth is considered. In Section 3, primary particle (singlet) formation by burst nucleation as well as other effects are incorporated to complete the model. Section 4 describes the gold sol used as the experimental system to test the model. Finally, Section 5 reports numerical simulations and comparisons with the experiments.
Kinetic Model of Particle Formation
Uniform particle formation in colloid synthesis usually proceeds in several stages. In the initial induction stage solutes are formed to yield a supersaturated solution, leading to nucleation. The nuclei then grow by diffusive mechanism to form the primary particles (singlets), which in turn aggregate to form secondary particles. This latter process is sometimes facilitated by changes in the chemical conditions in the system. For example, the ionic strength may increase, or the pH may change, causing the surface potential to approach the isoelectric point. Both effects result in a reduction of electrostatic barriers, thus promoting particle aggregation. Formation of the final (secondary) particles, which can be of narrow size distribution, is clearly a diffusion-controlled process (2-7). Some of the various stages of the process can be more appropriately viewed as particle evolution rather system's dynamics.
An important assumption of the present model is the experimentally observed property that the secondary particles are sufficiently sparsely positioned in solution to conclude that their evolution is largely independent. Furthermore, it is assumed that the particles are spherical, with density close to that of the bulk material, which is experimentally a very common case, and the focus will be on their size distribution due to growth by aggregation. These approximations will be discussed at the end of this section. Several other simplifying assumptions are made in order to zero-in on the essential ingredients of the theoretical modeling and make numerical simulations tractable. For instance, it is possible that singlets forming secondary particles may undergo restructuring and rearrangements resulting in more compact structures and leading to shape selection. Such processes are neglected in the present model, but may be incorporated in future studies.
Thus, let us focus on the two main stages in the process: the production of primary and secondary particles. The latter will be treated presently, while the formation of nuclei and their growth (aging) to primary particles will be considered in the next section. Kinetic rateequation-type models of aggregation typically utilize a master equation for the distribution of growing particles by their size. In the present model, the size will be defined by how many primary particles (singlets) were aggregated into each secondary particle, denoted by s = 1, 2, . . ..
The growing particles can adsorb or emit singlets and multiplets. The master equation is then quite standard to set up, as in, e.g., (33) . In the present case, the process is experimentally documented to be highly irreversible, so that detachment can be disregarded.
Furthermore, it is assumed that the singlets have diffusion constants larger than aggregates so that their attachment dominates the process; this approximation will be discussed later. The master equation then takes the form
Here N s (t) is the time-dependent number density (per unit volume) of the secondary particles consisting of s primary particles. The attachment rate w s will be taken from the Smoluchowski expression (49):
where R s is the radius of the s-size particle, given by
The parameters r, the primary particle radius, and D, their diffusion constant, are experimentally available. The constant 1.2 in Eq. [3] was calculated as
where 0.58 is the typical filling factor of the random loose packing of spheres (50) . The fact that all primary particles were assumed to have the same radius r will be addressed in Section 3. Note that the rate in Eq. [2] involves the product R s D ∝ rD, where the latter, according to the Einstein formula for the diffusion constant, is not sensitive to the distribution of values of the radii r.
In standard approaches to aggregation, the evolution of the population of singlets, which is not covered by Eq. [1] , is obtained from the conservation of matter:
which assumes that initially, at time t = 0, there are only singlets. In this approach, however, singlet-dominance cannot be assumed; specifically, Eq. [1] and/or Eq. [5] need to be modified. Otherwise, the particle distribution is confined to small sizes, as confirmed by numerical simulations and other studies (46) . Indeed, most singlets will simply combine into dimers, fewer trimers, etc., then the growth stops. The conventional approach has been to consider more general models, with discrete or continuous population balance, allowing multiplet-multiplet aggregation, which adds terms in Eq. [1] ; see, e.g., (21) (22) (23) (24) (25) (26) (27) (28) (29) (30) (31) (32) (33) (34) . These models will be commented on at the end of this section. Frequently, though, multipletmultiplet aggregation models yield wide particle-size distributions, of the scaling type (33, (35) (36) (37) , and they cannot explain the size selection.
In this work we develop a different approach based on the observation that the supply of "singlets," i.e., of primary particles, is in itself a dynamic process. Numerical calculations indicate that if the concentration of the singlets were constant, i.e., if they were continuously generated to compensate for their depletion due to aggregation, then the resulting particle size distribution would be wide and peaked at small sizes, such
up to some growing cut-off s-value. However, if the availability of singlets is controlled to be a decaying function of time, then size selection can be obtained in some cases. For instance, when the rate ρ(t) at which the primary particles are formed (per unit volume) was chosen to be decaying according to a power-law, then preliminary numerical calculations yielded a single-hump size distribution for the secondary particles. Note that the equation for N 1 (t) must be modified by replacing
Eq. [5] with the relation
with the initial values N s (0) = 0 for all s = 1, 2, 3, . . ..
Equations of the type considered here, with singlet-capture dominance of the dynamics and several ad hoc singlet-input rate functions, have been described in the literature (51) . The emphasis of these studies has been on cases which are exactly solvable, for instance, one-dimensional versions, and those where the size distribution shows self-similar "scaling"
behavior. The goal of the present work is quite different, i.e., to actually model the primary-particle input rate ρ(t) by using the burst-nucleation approach; see the next section.
Let us now address some of the approximations involved in our treatment of the aggregation process. These include, for instance, ignoring multiplet mobility and multiplet-miltiplet collisions, as well as the effect of mobility of aggregates (multiplets) on the diffusion constants used in the rate expressions, etc., especially in the beginning of the process when most aggregates are small. There are established methods in the literature that avoid many of such difficulties (21) (22) (23) (24) (25) (26) (27) (28) (29) (30) (31) (32) (33) (34) and, in fact, some of the models for various reaction rates lead to particle-size distributions peaked and even sharpening with time. However, the main point of our work, which we believe is new and crucial to obtaining narrow size distributions, has been that the growth of the secondary particles must by coupled, via the rate of generation of singlets (primary particles), to the time-dependence of the process of formation of the latter; see the following sections.
Thus, we intentionally took the simplest possible models of both processes, the primary and secondary particle formation. This choice has the following advantages: it simplifies numerical simulations and thus allows to scan a wider range of model parameters; it avoids introduction of unknown microscopic parameters. As a result, for instance, our description of the aggregation process in this section has no adjustable parameters;
they are all experimentally available.
Similarly in the following sections, for primary particle formation, we only utilize one adjustable parameter, the effective surface tension, and even that parameter turns out to be close to the experimental bulk value. However, we recognize that more sophisticated modeling can improve consistency with experiment, perhaps at the expense of additional assumptions and parameters, and we intend to explore this avenue of investigation in future studies. In fact, we carried out preliminary numerical simulations allowing for the dimer diffusion and attachment to larger aggregates and showing trend of improved consistency with the experiment.
We furthermore note that the approximation of restricting the aggregation process to only the smallest particles sticking to the larger particles has been widely used in the literature, for instance, (22, 27) . Considerations of colloid stability have been typically used to justify such approximations, and we note that detailed arguments of this sort would require additional microscopic parameters in the model.
We also comment that generally in diffusion-limited growth the ag--14 -gregates are expected to be fractal (35) (36) (37) 52) . In this work we avoid the issue of shape selection and internal structure of the secondary particles; see a review (21) . There is obviously some restructuring going on during the secondary particle growth for the experimental system described in Section 4, because the particles are clearly spherical throughout the growth process. Actually, in some other experiments, e.g., (14) , the surface of the secondary particles is initially "hairy" and it gets smoother at later times. In our case the internal restructuring processes are fast enough so that the shape/morphology of the aggregates is always spherical/compact. One could propose that the effects of restructuring in our model make the coefficient in Eq. [3] an adjustable parameter rather than a fixed number. We did not explore this matter.
Primary-particle production rate ρ(t) will be calculated by using the relations available in the literature (8, 9, 34, 53) Let us term "solutes" the species (atoms, ions, molecules) which serve as monomers for the primary-particle nucleation. Given the concentration c(t) of solutes, which is larger than the equilibrium "saturation" concentration c 0 and approaches c 0 for large times t, the rate of formation of critical nuclei can be written as (34,53)
cns Dc 2 e −∆G cns /kT , [7] which is based on the diffusional capture of solutes, whose effective radius is denoted by a, diffusion constant by D, and n is the number of solutes in an embryo. The subscript cns refers to values calculated at the critical nucleus size. Note that c(t) = n 1 (t).
The expression [7] involves the following ingredients. For embryos of size n < n cns , one assumes that solutes can be captured and emitted fast enough so that the size distribution is given by the equilibrium form. Thus, the factor ce −∆G cns /kT in Eq. [7] follows from the assumption that sizes up to n cns are "thermodynamically" distributed, according the Boltzmann form. For sizes larger than n cns the dynamics is usually assumed to be fully irreversible, corresponding to an unbound growth by the capture of solutes. The factor 4πan
cns Dc in Eq. [7] is thus the appropriate version of the Smoluchowski growth rate similar to that in Eqs. [2, 3] . The filling-fraction correction factor was absorbed in the definition of a to simplify the notation; it will be specified in Section 5.
For the free energy of the n-solute embryo, the known expression is used:
which involves the bulk term, proportional to n, and the surface term.
The standard form of the bulk term was derived as follows. It is assumed that the entropic part of the free-energy change between the solid and solution phases can be calculated as the entropy in the supersaturated liquid suspension of solutes of concentration c, as given by the dilute (noninteracting) expression of the "entropy of mixing," defined, e.g., in (54) . The surface term in Eq. [8] corresponds to the assumption that the growing embryos are spherical, of radius an 1/3 , and introduces their effective surface tension σ, which is usually assumed to be comparable to the bulk surface tension. It will be shown later that in the present case the results are very sensitive to the value of σ. Obviously, all the above expressions only apply for large n. It has been a common practice in the literature to use them for all n, as one of the approximations involved in a model.
It follows that both n cns and ∆G cns are explicit functions of c(t),
where the critical value n cns was calculated from ∂G/∂n = 0.
As the next step, the decrease in the concentration of solutes owing to the formation of critical nuclei is taken into account. Usually, one accepts that for n > n cns the primary particles grow (age) largely by absorbing diffusing solutes, and as in the preceding section we ignore here more complicated processes such as capture of small embryos, dissolution, etc.
Simultaneously, the primary particles are also captured by the secondary particles. In the present model, it is assumed for simplicity that the primary particles are captured fast enough by the growing secondary particles so that the effect of their aging on the concentration of solutes can be ignored. Furthermore, it has been generally recognized that aging, when significant, tends to sharpen the size distribution (21, 34) . Thus, the primary particle radius r, introduced in the preceding section, will be assumed to have a single, experimentally determined value, although in reality they have a finite-width, albeit narrow, size distribution. These are among several simplifications on which the present model is based; they can be relaxed in later studies.
Accordingly, one can write dc dt = −n cns ρ(t) , [11] which means that the concentration of solutes is "lost" solely due to the irreversible formation of the critical-size nuclei. Collecting all the above expressions, one gets the following equations for c(t) and ρ(t):
[13]
It should be noted that replacing the distribution of the primary particle sizes by a single, experimentally measured average value of r, violates the conservation of matter. Thus, in the present model only the shape of the secondary particle size distribution is relevant. The absolute number densities N s must be rescaled to correspond to the actual amount of the solid matter per unit volume. The latter data are usually available experimentally.
Experimental System
In order to test the model developed in Sections 2 and 3, dispersions of spherical gold particles were used, which were produced by the reduction of chloroauric acid (HAuCl 4 ) with ascorbic acid (55) . The simplicity of the chemical reactions involved, the stability of the solid phase formed, and the possibility to either measure or estimate all the necessary parameters make this system suitable for testing the described model.
Several methods of preparation of stable monodispersed gold sols by the reduction process have been reported (56) (57) (58) . Most of these studies have been focused on approaches that avoided the aggregation process (i.e., very dilute and/or heavily stabilized systems). In contrast, in concentrated dispersions, the aggregation process is assured, resulting in the formation of particles consisting of a large number of subunits. The precipitation procedure used in the described study (55) has resulted in large spherical gold particles of a narrow size distribution. After a short induction period (up to 6-8 sec) the nucleation occurs, followed by immediate aggregation. The total reaction time varies from 3 to 20 sec, depending on the experimental conditions selected. Scanning electron micrographs in Figure 1 illustrate the resulting particles, at two different magnifications, obtained by rapid addition of chloroauric acid to a solution of ascorbic acid under intense agitation.
The field emission microscopy, Figure 2 , clearly reveals the presence of the subunits, having an approximate size of 30 to 40 nm. The calculated value for the packing fraction of the subunits in the aggregated particles, ∼ 58%, was based (50) on the experimental tapped density of dry powder. This value is characteristic of a random loose packing, usually expected in the formation of rapidly assembled systems (50) . The size of the primary particles can be also estimated from the X-ray diffraction measurements by the Scherrer formula, if one assumes that the subunits are perfect crystals. Several calculations, using different peaks, have generated values between 30 and 42 nm, which is in excellent agreement with the data from electron microscopy. Finally, in an attempt to prepare and characterize the primary gold particles before undergoing aggregation, the same precipitation process was carried out in very dilute solutions where the metal particles were electrostatically stabilized. Figure 3 shows the size distribution of these particles, as determined by dynamic light scattering. Again, the modal diameter of ∼ 40 nm agrees with the previous values for the precursor subunits.
Results and Discussion
Numerical simulations required to follow the time evolution of the kinetic equations turned out to be large-scale. Therefore, the present testing of the model has been restricted to one randomly selected set of experimental parameters. However, we actually varied numerically all the parameter values and found that the calculation results are affected to various degree by them. The parameter values will be discussed roughly in the order of increasing sensitivity of the numerical results. For consistency all input data are in the MKS system of units.
The radius of the primary particles, r = 2.10 · 10 −8 m , [14] was obtained as described in the preceding section, which is within the range of 0.5 · 10 Eqs. [12, 13] . The diffusion constant D of the primary particles was obtained from the Einstein formula,
with kT = 4.04 · 10 −21 J .
[17]
The saturation concentration of gold in solution, c 0 , is not well known and is expected to depend somewhat on the experimental conditions. Using 2 · 10 −12 mol dm −3 (59) yields
The results for the particle size distribution are not particularly sensitive to this parameter, because it enters under logarithm in Eqs. [12, 13] . The solute diffusion constant,
was estimated similarly to D in Eq. It was established numerically that the size distribution of the secondary particles was sensitive to the values of a, the effective atomic (solute) radius, and to the surface tension σ. Note that a was defined to relate the number of solutes n in a growing primary particle to its radius,
given by an
. It is assumed that the primary particles are largely crystalline; thus, the best choice of a is such that 4πa is not well known (62) , and it may differ from that of the "nanosize"
solids. Given this fact, σ was chosen as the only adjustable parameter in the model.
Experimentally, the time scale on which the secondary particle growth effectively terminated was about 8 to 10 sec, which does not include the "induction" stage. In Figures 4 though 6 , the results of the numerical simulations of the kinetic equations are presented with parameters as specified above, for three different values of σ, which clearly demonstrate the sensitivity to the choice of this parameter. In Figure 4 , the case σ = 0.51 N/m illustrates growth that already reached saturation for times up to 10 sec. It should be noted that the distribution evolves quite slowly with time. Initially, it is heavily weighed in the small-aggregate regime. Later on, the large-size peak develops and eventually dominates the distribution. By varying σ near the expected range, given in Eq. [21] , it was found that, for times up to 10 sec, all σ values yielded smaller average sizes than the experimentally measured one, (R s ) average (experimental) = 1.0 ± 0.1 µm . [22] Seeking σ that would give the largest secondary-particle size resulted in
which agrees well with the bulk value in Eq. [21] . Figure 5 shows the size distribution for σ = 0.57 N/m. The growth did not reach full saturation on the relevant time scales, and the peak particle radius at t = 10 sec, of R s ≃ 0.32 µm, is somewhat smaller than the experimental value in Eq. [22] . The width of the distribution, of ∼10 %, is close to that established experimentally. Considering the approximations involved in the model, only semiquantitative agreement with the experimental data should be expected. Since the key feature of the model is the prediction of the narrow-width distribution of secondary particle sizes, the overall consistency with the experimental results is gratifying.
As the value of σ is increased, the large-size peak does not fully develop on the relevant time scales, as exemplified by the case σ = 0.63 N/m shown in Figure 6 . The reader should be reminded that, owing to the absence of the conservation of matter in this model, the number densities N s must be rescaled according to the actual amount of the solid matter per unit volume, if the comparison of the calculated and experimental distribution is attempted. This refinement will be addressed in future studies.
Asymptotically, the particle-size distribution "freezes" for large times, i.e., the particle growth actually stops in this model as opposed to the "scaling" growth studied, for instance, in (51) . To demonstrate this property, note that Eq. [11] , with Eq. [9] , can be integrated in closed form to
where
The left-hand side of Eq. [24] is the total number of primary particles produced by the time t. Obviously, from Eqs. [24, 25] this number is finite as t → ∞, i.e., in the limit c(t) → c 0 . The supply of the primary particles, manifested by the peak at small sizes for short times, in Figures   4-6 , is essential for the large-size peak in the distribution to develop and grow, because the present model assumes the growth of the secondary particles to be solely by singlet capture.
An interesting mathematical construction is suggested by ideas developed in (51) . Let us consider the quantity τ defined by
If the independent variable is changed from t to τ in Eq. [1] [2] [3] [4] , the resulting equations are linear in N s>1 . One can then easily show that the only way to have a normalizable stationary size-distribution as t → ∞ is to have τ (t) approach a finite value for large t. 
